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In the general bipartite quantum system m®n, Wang et al. [Y.-L Wang et at, Phys. Rev. A 
92 , 032313 (2015)] presented 3(m + n) — 9 orthogonal product states which cannot be distinguished 
by local operations and classical communication (LOCC). In this paper, we aim to construct less 
locally indistinguishable orthogonal product states in m0n. First, in 30n(3 < n) quantum system, 
we construct 3n — 2 locally indistinguishable orthogonal product states which are not unextendible 
product bases. Then, for m 0 n(4 < m < n), we present 3n + m — 4 orthogonal product states 
which cannot be perfectly distinguished by LOCC. Finally, in the general bipartite quantum system 
m 0 n(3 < m < n), we show a smaller set with 2n — 1 orthogonal product states and prove that 
these states are LOCC indistinguishable using a very simple but quite effective method. All of the 
above results demonstrate the phenomenon of nonlocality without entanglement. 

PACS numbers: 03.67.Hk, 03.65.Ud 


I. INTRODUCTION 

In quantum information theory, one of the main goals 
is to understand the power and limitation of quantum 
operations which can be implemented by local opera¬ 
tions and classical communication (LOCC). When global 
operators cannot be implemented by LOCC, it reflects 
the fundamental feature of quantum mechanics which is 
called nonlocality and has received wide attention in re¬ 
cent years [1-5]. Especially for the phenomenon of non¬ 
locality without entanglement, many interesting results 
have been presented [6-14]. 

In general, it is well known that entanglement increases 
the difficulty of distinguishing orthogonal quantum states 
by LOCC [15-22]. However, many results reveal that en¬ 
tanglement is not necessary for LOCC indistinguishable 
quantum states. In 1999, Bennett et al. presented nine 
LOCC indistinguishable pure product states in 30 3 and 
showed the phenomenon of nonlocality without entangle¬ 
ment, which is a fundamental result in this area [6]. Fur¬ 
thermore, for the nonlocality of the nine pure product 
states, Walgate et al. put forward a very simple proof 
method [7]. Then, this result was generalized in d 0 d 
[23,24]. In [25], Childs et al. proved that any LOCC 
measurement for discriminating irreducible domino-type 
tilings would err with certain probability. 

Despite these huge advances, the nonlocality of orthog¬ 
onal product states is still extensively studied. Recently, 
Wang et al. presented 3(m-|-n) — 9 locally indistinguish¬ 
able orthogonal product states in m0n[26]. In general, in 
the problems of distinguishability with LOCC what mat¬ 
ters is the minimum number of LOCC indistinguishable 
states. Naturally, for the general m0n(3 < m < n) quan¬ 
tum system, it is interesting to ask whether there exist 
less locally indistinguishable orthogonal product states. 
Therefore, finding such states is still meaningful. 
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In this paper, we focus on constructing the locally in¬ 
distinguishable orthogonal product states in the general 
bipartite quantum systems. Fortunately, we construct 
3n — 2 orthogonal product states in 3 0 n(3 < n) and 
3n-|-m—4 orthogonal product states in TO0n(4 <m<n). 
Then, we prove these states cannot be perfectly distin¬ 
guished by LOCC using a very simple but quite effective 
method. And we show that these states are not unex¬ 
tendible product bases [12] but other classes of locally 
indistinguishable orthogonal product states. To better 
understand the phenomenon of nonlocality without en¬ 
tanglement, in m 0 n(3 < m < n), we present a smaller 
set with 2n — 1 locally indistinguishable orthogonal prod¬ 
uct states. And most of these states are extendible. In 
addition, the two classes of orthogonal product states of 
our construction are less than the states in [26]. 

The rest of this paper is organized as follows. In Sec. 
II, we present 3n — 2 locally indistinguishable orthogonal 
product states in 3 0 n(3 < n) and 3n -I- m — 4 locally 
indistinguishable orthogonal product states in m<S>n{4 < 
m < n). In Sec. Ill, we construct 2n — I orthogonal 
product states in m 0 n(3 < rn < n), which cannot be 
perfectly distinguished by LOCC. Finally, in Sec. IV, we 
draw the conclusion. 


II. LOCAL INDISTINGUISHABILITY OF 
ORTHOGONAL PRODUCT STATES 

In this section, we will construct the orthogonal prod¬ 
uct states in the general bipartite quantum system and 
prove that these states cannot be perfectly distinguished 
by LOCC. 

When m = n = 3, there are 8 locally indistinguishable 
orthogonal product states [24]. And when we add \(j)g) = 
|0)a|0)b in the set of states, these quantum states are in 
fact the nine states which were presented by Bennett et 
al. in [6]. 

In the following, we present the main results. 
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Firstly, in 3(8)n(3 < n), we construct 3n —2 orthogonal 
product states as follows: 


|e± /) = -^{\e) ± l/)),0 < e < / < n - 1, 

\4>i) = I*)a|0 - i)B,i = 1,2, 

\(|>^+2) = \0-i)A\j)B,i = l,j = 2;i = 2,j = 1, 

|(/)i+4) = |i)4i|0 + i)B, * = 1,2, 

|(/.7) = |0 + 2)^|1)b, 

I'/'i+s) = |0- 1 )a|j)b,J = 3, ...,n- 1, 

l</'*+2(r-l)+n+4) = |j)A|(r +*)-(?*- r))B, (1) 

* = 1, \j) = |0 + 1);* = 2, j = 2,r = 1,... ,a- 1, 
|(/)*+ 2 (a-l)+n+ 4 ) = \j)A\{a + i) - {n - a)) B, 

i = b=l,\j) = |0 + l),a > 2 , 

\4>i+2(r-l)+2n+l) = \3 )a\{'<’ + *) + (** — r)) B , 

* = 1, \j) = |0 + 1);* = 2,j = 2,r = 1,... ,a- 1, 

\4>i+2(a-l)+2n+l) = |j)4l|(a + *) + (** — a))^, 

z = 6=l,|j) = |0 + l),a>2. 


where n = 2 a + 6 +l,a> 1 , 0 < 6 < 2 . 

In the following, we prove that these quantum states 
(1) are LOCC indistinguishable. 

Theorem 1. In 3 0 n(3 < n), the above 3n — 2 states 
cannot be perfectly distinguished by LOCC. 


Proof. To distinguish the states, some party has to 
start with a nontrivial and non-disturbing measurement, 
i.e., not all measurements M^Mm are proportional to the 
identity and have the orthogonality relations preserved 
afterwards, making further discrimination possible [27]. 

First, Alice performs a general measurement which is 
represented by a set of general 3x3 positive operator¬ 
valued measure (POVM) elements M^M^. In the 
{jo), | 1 ), | 2 )}^ basis which corresponds to the states ( 1 ), 
we write the POVM elemeiits 
**00 **01 **02 
= aio **11 **12 
**20 **21 **22 

The post measurement states {M 3 (Si lB\4>j),j = 
1,..., 3n — 2} should also be mutually orthogonal. Con¬ 


sidering the states [^ 1 , 2 ), we know (l|MjM 3 | 2)(0 — IjO — 
2) = 0. Thus, (I|MjM 3 | 2 ) = 0 ,z.e.,ai 2 = 021 = 0. 

For the states {(fj) and [^ 1 + 2 ),* = I, j = 2, and i = 
2, j = 1, we have (j|MjM 3|0 — z)(0 — j\j) = 0. Then, 
(j|M]M 3 | 0 -z) = (j|M]M 3 | 0 ) = 0,i.e.,aoj = ajo = 0 , 


J = l,2. 

Lastly, considering the states \(j)i+ 2 ),i = 1,2, [^^ 7 ) 
and l^n+s), we know (0 -I- zjMjMsjO — *)(j|j) = 

0 ,z.e.,( 0 |M 3 lM 3 | 0 ) - (z|M 3 lM 3 |t) = 0,z = 1,2. Then, 
( 0 |m]M 3 | 0 ) = (z|m]M 3 |z),z = 1,2. Thus, ooo = an = 


0 - 22 - 

Therefore, all of Alice’s measurements Mg M 3 are pro¬ 
portional to the identity, meaning that Alice cannot start 
with a nontrivial measurement. 


When Bob has to start with a nontrivial and non¬ 
disturbing measurement M1M„, we write the POVM el¬ 
ements in the (jO), |1),..., jrz — 2), jrz — 1 )}a basis which 
corresponds to the states ( 1 ), 


M-tM„ = 


aoo aoi 
aio On 


OOn-l 

ain-i 


On-lO a„_ii ••• Qn-ln-l 


Then, we can also get that the post measurement 
states {Ia (S M„|^j),z = 1,... ,3n — 2} should be mu¬ 
tually orthogonal. In the same way, considering the 
states l^i+ 2 ), z = 1, 2 and |(/)j+ 5 ),j = 3,..., rz — I, we get 
(z|MlM„|j) = 0,i.e.,a,j = 0,i, j = 1,... ,n - l,i ^ j. 


For the states \(j)i) and l^i+ 2 ), * = 1,2, we have 
(zjO - z)(0 - z|MtM„|j) = 0. Then, (0 - t|MtM„|j) = 
(0|MlM„|j) = 0,i.e.,aoj = ajo = 0, j = 1,2. 


For the states \4>i^2) and \4>ij^2{r-i)+n+4) 1 where i = 
1 , 2 , r = 1 ,..., a — 1 , and z = 6 = 1 , r = a, we have 
(0 —z|MlM„|(r-|-z) — (rz —r)) =0. Then, (0|MlM„|(rz — 
r)) = (0|MtM„|(r + z)) = (0|MtM„|2) = 0, z.e.,ao„-. = 
o„_ro = a^r+i = ar+io = 0,20 = 0 , where z = l,...,rrz- 
1 , r = 1 ,..., a — 1 , and z = 1 ,..., 6 , r = a. 


Therefore, we know ooi = Oio = 0, z = 1,..., rz — I. 


For the states \(j)i) and l^i+ 4 ), * = 1,2, we 

know (z|z)(0 -I-z|M 1M„|0 — z) = 0, z.e., (0|M1M„|0) = 
(z|M1M„|z), z = 1,2. In the same way, for the states 
l<(’i-i- 2 (r-i)-i-n-i- 4 ) and |^j_|_ 2 (r-i)+ 2 n-i-i), where z = l, 2 ,r = 
l,...,a — 1 , and z = 1 = &,r = a, we can also get 
(z|MtM„|t) = (2|MtM„|2), i = 3,...,rz-l. Thus, 
aoo = Oil = ■ ■ ■ = Qn-in-i- That is, all of Bob’s mea¬ 
surements M^Mn are proportional to the identity. Thus, 
Bob cannot start with a nontrivial measurement either. 
Therefore, the 3rz — 2 states cannot be perfectly distin¬ 
guished by LOCC. This completes the proof. ■ 


In addition, the states of our construction are less than 
the states in [26] and are not unextendible product bases 
[12], either. For example, the following product state 
\(j) 3 n-im- 3 ) = |0)a|0)b is orthogonal to the states in (1). 


In the higher-dimensional general bipartite quantum 
system rzz 0 n(4 < rzz < rz), we present the following 
3rz -I- zzz — 4 orthogonal product states: 
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|e± /) = -^(le) ± |/)),0 < e< f <n-l, 

ki) = |*)a|0 = 

|0i+m-l) = |0 - i)A\j)B, 
i = 1,... ,m — 2, j = i + l;i = m — 1, j = 1, 

|</>i+2m-2) = |*)a| 0 + i)B, * = 1, ■ ■ ■, m - 1, 

|</'i+3m-3) = |0 + i)yl|j)B, 

I = 1,..., m — 2, j = i + 1; i = m — 1, j = 1, 

|0j+3^_3) = |0)A|j)B,J =m, 1, (2) 

|0'i+(r—l)(m—l)+n+3m— 4 ) ~ B •) 

i = 1,... ,m — l,r = 1,... ,a — 1, 

l^i+(a —l)(m —l)+n+3m— 4 ) ~ ?] {tI Cc)) b ^ 

|(^i+(,._i)(m-i)+2n+2m-4) = |i)^|[r(m - 2) + i] + {u - r))B, 
i = — l,r = — 1, 

|</'i+(a-l)(m-l)+2n+2m-4) = \i) A\[a.{m — 2) + i] + (jl — a)) B, 

where n = a{m — l) + 6+l,a>l,0<&<m — 1. 

In the following, we study the local indistinguishability 
of these quantum states (2). 

Theorem 2. In m0n(4 < m < n), the above 3n+m —4 
states cannot be perfectly distinguished by LOCC. 

Proof. Similarly to the proof of Theorem I, we first 
need to prove that Bob cannot start with a nontrivial 
measurement. 

When Bob has to start with a nontrivial and non¬ 
disturbing measurement M^Mn, we write the POVM el¬ 
ements in the {|0), |I),..., |n — 2), \n — 1)}^ basis which 
corresponds to the states (1), 

ooo Qoi • • • OOn-l 

Oio Oil • • • ain-i 

MtM„= 

On-lO Cln-11 ■ ■ ■ dn-ln-l 

Then, we can also get that the post measurement states 
{Ia 0 Mn\(j)i),i = 1,... ,3n + m — 4} should be mutu¬ 
ally orthogonal. In the same way, considering the states 
\(l)i+rn-l),i = l,...,m-2,j = i + l;i = m - l,j = I 
and \(j)j+ 3 m- 3 ),j = m,... ,n - 1, we get = 

0,i.e.,aij = 0,i, j = I,... ,n - I,i ^ j. 

For the states \(j)i) and {(pi+m-i), i = 1,..., m — I, we 
have {i\0—i){0—i\MlMn\j) = 0. Then, (0—= 
{0\MlMn\j) = 0,i.e.,aoj = ajo = 0,j = 1,... ,m - 1. 

For the states {(fi) and \(l)i+(^r-i){m-i)+n+ 3 m- 4 ), where 
i = I,...,m—I,r = l,...,a—I, and i = 1,... ,b,r = a, 
we have (0 — — 2) -|- i] — (n — r)) = 0. 

Then, (0|MtM„|(n - r)) = (0|MtM„|[r(m - 2) + i]) = 
(0|MlM„|m-I) = 0, i.e.,aon-r = On-rO = aorifn-2)+i = 
ar(m- 2 )+i 0 = a-m-io = 0, where i = 1,..., m - 1, r = 

1,..., a — I, and i = 1,..., &, r = a. 

Therefore, we know ooi = a^o = 0, i = 1,..., n — I. 


For the states \(j)i) and \(l)i+ 2 Tn- 2 ), i = 1,...,to— 1, 
we know (t|i)(0 -I- — i) = 0,i.e., (0|M1M„|0) = 
(z|MtM„|*), * = I,... , m — I. In the same 

way, for the states \(j)i+(^r-i)(m-i)+n+ 3 m-i) and 
I0i-t-(r—l)(m—l)+2n-t-2m— 4 ); where i = I,...,77T, 1,7’ = 

1,..., a — 1, and i = 1,..., 6, r = a, we can also get 
{i\M‘fMn\i) = {m — — 1), 7 = m,..., ri — 1. 

Thus, ooo = On = • • • = That is, all of Bob’s 

measurements M^Mn are proportional to the identity. 
Thus, Bob cannot start with a nontrivial measurement. 

When Alice has to start with the nontrivial and 
non-disturbing measurements M^Mm, we can also get 
that the post measurement states {Mm 0 lB\4>i),i = 

1,..., 3r7 -I- TO — 4} should be mutually orthogonal. In 
the same way, all of Alice’s measurements Mj^Mm are 
also proportional to the identity. That is, Alice cannot 
start with a nontrivial measurement either. Therefore, 
the 3n -I- TO — 4 states cannot be perfectly distinguished 
by LOCC. This completes the proof. ■ 

In fact, when to = n, the states (2) can be extended 
to an orthogonal product base by adding the following 
— 4m + 4 product states {|(?i'oo) = |0)yi|0)B,|^^'ii) = 
K)a|j)bA = 1,- ■ ■,m-2,j = 1,... ,TO-1, j y^i,j ^i + 1 
and i = m — l,j = 2,... ,to — 2}. In the following, 
we show the LOCC indistinguishable product states can 
be perfectly distinguished by separable measurements. 
First, we denote these states as \4>i),i = 1,..., to^. Then, 
we define a measurement where Mi = \(j)i){(j)i\. 

Because {orthogonal product base in m®m. 

Thus, Ya=i = YT=i = I- As \(j)r) is a prod¬ 

uct state, we can get Mi is separable. Therefore, the 
set of states can be perfectly distinguished by separa¬ 
ble measurement {Mi}{Ti. Naturally, when m = n, the 
states (2) can also be perfectly distinguished by separa¬ 
ble measurement. This result also means that separable 
operations are strictly stronger than the local operations 
and classical communication. 


III. LESS LOCALLY INDISTINGUISHABLE 
ORTHOGONAL PRODUCT STATES 

In [27], Yu et al. presented 2d—l LOCC indistinguish¬ 
able orthogonal product states in d 0 d{d >2). In this 
section, we generalize the states to arbitrary bipartite 
quantum systems m ® n and present a very simple but 
quite effective proof. 

Theorem 3. In to 0 77(3 < to < n), there are 277—1 
LOCC indistinguishable orthogonal product states. 

Proof. First, we construct 277 — 1 orthogonal product 
states as follows: 
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|e± /) = -^(le) ± |/)),0 < e< f <n-l, 

\(t)i) = |i)a|0 = 

\(j)i+^-l) = |0 - i)A\j)B, 
i = 1,... ,m — 2, j = i + l;i = m — 1, j = 1, 

\(j)j+m-i) = |0- l)A\j)B,j = m,...,n-l, 

\(j)n+m-i) = |0 + 1)a| 2 - (n - 1 ))b, m <n 
\4)i+n+m-2) = \i)A\im - 2 + i) - (n - 1 ))b, 

l = 2, . . . , TO — 1, 

\(j)i+^r-l){m-l)+n+7n-2) = \ j)A\[r{m - 2) + i] - {u - r)) B, 

* = 1) |j) = |0 + 1);* = 2,.TO- l,j = i,r = 2,.a - 1, 

I0i+(a —l)(m —l)+n+m— 2 ) — 4“ B i 

* = 1) |j) = \0 + l);i = ‘2,...,b,j = i,a> 2, 

|02n-l) = |0+1 + -- -+ TO — 1)^|0 + 1 + • • • + n — 1)_B- 


where n = a(TO — l) + 6+l,a>l,0<&<TO — 1. 

In the following, we will prove that these states (3) 
are locally indistinguishable. Similarly to the proof of 
Theorem 1, we first need to prove that Alice cannot start 
with a nontrivial measurement. 

When Alice has to start with the nontrivial and nondis¬ 
turbing measurement we write measurement 

in the {|0), |1),..., |to —2), |to—1)}a basis which 
corresponds to the states (3): 


M}^Mm = 


Ooo Ooi 

oio ail 


aom—i 

aim—1 


[_ am —10 am—11 ' ' ' am—lm—1 j 

The post measurement states {Mm <S> ^Bl(/>j},J = 
1,. ■ ■ ,2n — 1} should also be mutually orthogonal. Con¬ 
sidering the states = 1,...,to — 1, we know 

(i|M^Mm|j)(0 - i|0 = j. 

Thus, {i\Ml^Mm\j) = 0,i.e.,aij = 0,i,j = 1 ,...,to- 

j- 

For the states \4>j) and \(j)i+m-i),i = 1, • ■ •, w — 2, j = 
i-l-1, and only for i = to— 1, j = 1, we have (j|M^Mm|0— 
*)(0-j|j) = 0. Then, (j|M^M^|0-i) = (j|Mt^M™|0) = 
0,i.e.,aoj = a^o = 0, j = 1,..., to - 1. 

Lastly, considering the states \4>i+m-i) and \(j) 2 n-i), 
i = 1,...,TO — 2, j = i + 1, and only for i = 
m - l,j = 1, we know (0 -f i\M^Mm\0 - i){j\j) = 
0, i.e., (0|M^Mm|0) - {i\Ml^Mm\i) = 0, i = 1,..., to - 1. 
Then, (0|M;^M„|0) = {i\Ml^Mm\i),i = 1,...,to- 1. 
Thus, Uoo — ail — * * * — im—i- 

Therefore, all measurements M^Mm are proportional 
to the identity. That is to say, Alice cannot start with a 
nontrivial measurement. 

When Bob has to start with the nontrivial and non¬ 
disturbing measurements M\Mn, we can also get that the 
post measurement states [Ia® Mn\(j)i)= 1,..., 2n — 1} 
should be mutually orthogonal. In the same way, all of 
Bob’s measurements M^Mn are also proportional to the 
identity. That is, Bob cannot start with a nontrivial 


measurement either. Therefore, the states (3) cannot 
be perfectly distinguished by LOCC. This completes the 
proof. ■ 

From the result, we can see the number of the states 
(3) is much less than the states in [26]. For example, in 
3 0 4, the states of our construction has only 7 states, 
but they presented 12 states. In addition, most of our 
set are extendible. When to = n = 3, the states (3) are 
unextendible. However, in 30 5, from (3), we can get the 
following states : 


|e±/) 


e) ± |/)),0 < e < / < 


|i)a|o- 

1)b, 

\h) = 

|2)a|0- 

2)b, 

\h) = 

|0-1)a 

|2)b, 

l</>4) = 

|0-2)a 

|1)b> 

\4>5) = 

|0-1)a 

|3)b, 

I'/'e) = 

|0-1)a 

|4)b, 

\4>7) = 

|0 + 1)a 

|2-4)b, 

l</>8) = 

|2)a|3- 

4)b, 

\h) = 

|0-f 1 + 

2)yi|0 + l-|-2-|-3-|-4) 


Then, let j^io) = |2)yi|0-|-2—3—4 )b, we can know |(/)io) 
is orthogonal with the states in (4). Thus, the states (4) 
are extendible. When to = n > 4, the following product 
states \(j) 2 n) = |2)yi(|0 -f 1) — 2|3 ))b is orthogonal to all 
the product states in (3). Therefore, the class of states 
is extendible. 


IV. CONCLUSION 


In this paper, we construct two classes of locally indis¬ 
tinguishable orthogonal product states in m®n{i <m< 
n), and show the specific structure of the states. Then, 
we prove that Alice and Bob cannot perform a nontriv¬ 
ial measurement upon respective system. These results 
extend the phenomenon of nonlocality without entangle¬ 
ment. And we also hope that these results can lead to a 
better understanding for the phenomenon of nonlocality 
without entanglement. Although the smallest number 
of LOCC indistinguishable pure product states remains 
unknown, we think that the second class of states of our 
construction is small enough. Finally, we are interested in 
constructing the smallest number of pure product states 
which cannot be distinguished by LOCC. 
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